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T IME—AVERAGE D SHADOW-MOIRE METHOD

FOR STUDYING VIBRATIONS

by

Y. 1. Hung, C. Y. Llang, J. D. Hovanesian and A. J. Durelli

ABSTRACT

A time—ave rage d shadow—moir ~ me thod is presented which permits the

determinat ion of the amplitude distr ibution of the deflect ion of a p late

in s teady s ta te  vibrat ion . No stroboscope is required and the recording

is done statically. The method is less sensitive than holographic

methods and is therefore suitable for studying relatively large amplitudes .
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Introduction

Besides Its uses in eva ’ua ting surfa cti depth contours~~ 
3) and in

determining surface deformat ions ,~
4 8

~ the shadow moird me thod was also used

to study nodal patt erns in vibrating plates .~~
9
~ Howev er , to study amplitude

distrib ution , a stroboscopic me thod was required . 
(10) 

This paper presen ts a

time—averaged shadow moire method whereby the distribution of the amplitude

of the p late def leL t ion can be obtaine d without stroboscopic equipment. In

the me thod , the shadow moird contour fringes of an object in steady state

vibrati on is p ho tograp hed wi th an exposure t ime equal to one or several

vibra tional periods. The proces sed photograp h prod uces a time —averaged fringe

pa ttern depicting the vibrational amplitudes.

The t ime—averaged effect utilized in the present paper was first applied

by Powell and Stetson to vibrat ion studies usin6 holography.CW The hologram

they ob taine d recorded the position of a steady state vibrating object with a

long exp osure time compared to the vibrational period. They showed that in

the reconstruction of this hologram a time—averaged interference fringe

pat tern was produced which measured the vibrational amplitudes. The fringe

patter n could be represented mathematically by a zero—order Bessel function.

The time—averaged eff ect was later app lied to stud y vibra tions using projected

grating s methods. 
2~ l3) However , the two technique s are on opposite extremes

in the range of sensi tivities. While the time—averaged holograp hy is extremely

sensi tive being able to measure vibrationa l amplitudes of the order of wave-

Lengths of light , the projected gratings methods are rather insensitive .

Theref ore , there is a large gap in the sensitivity range between the two

techniques. The present method , though still unable to bridge the entire gap ,

has ex tended the sensitivity of the projected gratings methods.

— 1—



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
~~~~~~~~~~~

Description of r b ~- ~t-1 ed

Pt- method us- s a standard shadow moird arrangement as shown in Fig. 1.

A master grating with lines running parallel to the y—axis is located in front

at and CiOSO to the object to be studied. A collimated beam of light illum-

inates the grating at an ang le 0 to the y,z—p lane, and a distant camera

views the grating normally.

if the object  s ur f a c e  to be studied is t l a t , it is c a r e f u l ly positioned

so t h a t  the  s ta t iona ry  moire contour fringes are null. Then with the object

being excited to vibrate steadil y, a time—dependent moire fringe pattern due

to  the vibrational displacements is observed . If the time—v ary ing fringe

patte rn is recorded by the camera with an exposure time of one or several

v ibrational periods , the processed photograp h will y ield a time—averaged

t ringe pattern which is related to the vibration al amplitudes by a zero—order

Bessel function .

For obj ects which are not flat , it is not possible to null the stationary

conto ur fringes. In this case , it is advisable to use a rather dense ini tial

con tour fringe pattern deliberately introduced by slight ly til t ing the objec t

abou t an axis perpend icular to the viewing direc tion . This initial fringe

pattern is then used as a carrier which is modulated by the vibrat ional

amplitudes. The t ime—avera ged fringes formed by the modulated carrier also

depic t the amplitud e distribution of the vibration.

If the vibrational frequ ency is hi gh enough (20 Hz or higher), the

image re taining :;-l ture of the eye can do the time averag ing . Hence , real

t ime averaged moire fringes may be observed by the naked eye.

—2—
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I :itor ; e t o e  ~~~ t:sod

Assume that ilic i n ten s i t y  transmittance of the master grating is

sinusoidal and represented by:

T(x,y) = 1 + sin x (1)

where  p is the gratin g pi tch . The obliquely il1uminatiin~ beam casts a

shadow of the grating onto the object surface . Under the condition that the

grating is coarse enough for diffraction effects to be neglected , it can be

shown that the intensity distribution I
5

(x ,y) of the  shadow is:(U

I 5 (x , y )  = k [1 + sin ~~
-
~~
- (x — z tan 0)1 (2)

where k is a constant depending on the scattering attenuation of the

object surface and z is the surface elevation.

Since the camera views the shadow through the master ruling , the

intensity of the image I(x ,y) detected is the product of the shadow

intensity and the grating transmittance and is given by:

I ( x ,y) = I ( x ,y) . T(x ,y) (3)

Expansion of the above equa t ion yields

10 (x ,y)  = k {i + sin x + sin -
~~

-
~~

- (x — z tan O )

+ -
~~ cos (2 x — z tanO) + cos z tan 0) } (4)

- -  .~~~~ - __ ___I
_ __ _ ___~~~~ _ _ _ _ _ _
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All the term s on the right—hand s ide of the above equation are of high

spatial frequency which will  average to zero , excep t the following:

I ( x ,y) = k {l + ~~
- cos z tan0 } (5)

This equa tion predicts the formation of moire fringes depicting z, the

con tour of the surface .

With the surface undergoing steady state sinusoidal oscillation , z is

given by:

z = z0 + A(x ,y).cos (u t + c~) (6)

where z Is the stationary contour of the object surface ; A(x ,y) is the

amplitude distribution of the vibrating surface ; w is the circular frequency,

and ~ represen ts the arbitrary Initial phase . Thus , z in Eq. (5) is

time—dependent and i
0

(x ,y) should be replaced by I (x ,y,t). If the photo-

graphic film in the camera is exposed to I(x ,y,t) the exposure on the film

is an in tegration of I(x ,y,t) over the exposure time which can be adjusted

to an integral mult iple of the vibrational periods. The integra ted intensity

is 11 (x ,y)  given by:

nT

h i (x ,y)  I( x ,y,t ) dt (7)

where nT is the exposure time ; n is an integer and T the vibrational

period .

—4— 
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Techniques

1. For flat objects :

For a flat objec t , it is possible to null the stationary contour

fringes by posi tioning the object so that z
0 

= constan t (i.e., the

flat surface is para lle l to the plan e of the grating) . Then Eq. (6)

can be integrated to yield:

I ( x ,y) = nT .k -(l + f . cos (~~- z )  . J tan0 A(x ,y)} (8)

The ab ove equation indicates a fringe pat tern dep icted by a zero—orde r

Bess el function containing A(x ,y), the vib rational amplitude distribution ,

in i ts  argument. Dark fringes occur when the Bessel functio n attain s its

minimum , i.e.

-
~~~

- tanO A(x ,y) = B~ 
(9)

where B~ is the argument of the jth minimum value of J .  By rewriting

Eq. (9) as

A(x ,y) = 
~~~~

- (~~—~
) (10)

Bj
and defining = N as the fringe orde r, then the amplitude distribution

A(x ,y) can be determined by the following equation

A(x ,y) = N(~~~~ ) (11)

where N = 0.610, 1.62, 2.62, 3.62, 4.62 
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2. For arbi trari ly curved surfaces

For curved surface it is not possible to null the stationa r y contours .

In this case , relat ively high density fringes are deliberately

introduced by sl ight ly  rotating (say a) the object about x—a.xis .

z in Eq. (6) becomes

z = (z + my) + A(x ,y) cos (wt + ~
) (12)

Equat ion (9) is then substituted into Eq. (7). Integration of the resulting

equat ion yields

I ( x ,y) = 1 + ~~
- cos (z + my) J [

~~
-
~
- t a no .A ( x ,y) ] (13)

Equation (13) is an expressio n whe re a high frequency term is amplitude

modulated by t ario .A(x , y ) ] .  In this case the mulling of the hi gh

frequency term (carrier) is iden tified as moir~ fringes which occur when

the Bessel function is equal to zero , i.e., the argumen t is equal to the

roo ts of the function . It can be shown , by following a similar analysis as

in the las t section , that the amplitude distribution A(x ,y) can be deter-

mined by Eq. (10). For this case , N — where B~ is the jth root of .1 ,

and t akes the values of 0.383 , 0.879 , 1.38, 1.88, 2.38 , . .

Wh ile the firs t technique is only app licable to flat objects , the f r i n g e

modula tion technique can be used for studying objects of both flat and

curve d surfaces . Our experience shows that fringes of bette r vis ibility

were obtained using the first technique . Howeve r , the fringe modulat ion

technique is better suited for studying nodal pa tterns .

-6-



Similar r~cult-~ will Le~~ L~ -~i:.ed if t~~e in te n~~i t v  r - i r j :j , - ttance of the

~ r a t ~~O~’ is a square func t ion  w i th the advantage tha i a totto r- fringe vi~~iL i l it y

can be achieved.

Experiments

A circular rubher  membrane of l~) cm diameter clamped along it: t~eundary

wa. -~ - 1r- ;ted for demonstration . it was excited into vibration from behind by

a loud :~eaker driven by a wave generator. A one-way grating of 20 lines

nor centimeter was used. The light source was a projector located at a

gre -i t d is tance from the object in a direction making an angle 0 = 60
0

w i t r  the  normal to th e  plate .

i h e  grating was carefully positioned in respect to the plate to avoid

any initial interference . The plate was then excited at its natural

frequencies of 100 and 185 Hz. The fringe patterns obtained depicting the

amplitude distributions of the vibr~ational modes are shown in Fig. 2.

To demonstrate the fringe carrier technique , the membrane was slightly

t i l ted to produce the initial fringe carrier shown in Fig. 3(A). The

time-averaged moire fringes formed by the fringe carrier when the membrane

was excited to vibrate at 100 Hz and 185 Hz are shown in Fig. 3(B) and

Fig . 3(C) , respectively .

Conclusion

It has been shown that time-averaged shadow moire fringes are formed when

an object is undergoing steady state oscillation . The fringes are loci of

— 7— 
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let  U iOt .  ant — I i t U( 1e h i t  erp re ted  b y a zeroth ei der- he:~el function . Owing

to the t iet  t hat  t i e value of the Bessel fui~ct iou decreases as the value of

t b  ai g u n e n t  in creao~~o , the fringe v1~~ Li1i ty drops wi th the increasing

an t -l i tude . This provides a means of identifying nodal area: as well as the

Ir i ni ~
- orders.

I r - ~ the  projected grating method , it is necessary ~or the imaging system

t o r:oAve the grating projected on the object surface . Therefore , t h e

limi t to the fineness of the grating that can be projected and recorded

l oon— c the sensitivity of the method. The present method requires only

t h e  t c i r~ f r inges  to be resolved , thus allowing gratings of hi gher frequency

to Ic u :ecl . Hence, it extends the sensit ivi ty range of the projected grat ing

method .
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FIG URE 3(A ) INITIAL FRINGE CARRIER OF THE CIRCULAR , CLAMPED
MEMBRANE

(B) MOIRE FRINGE PATTERN DEPICTING VIBRATIONAL
AMPLITUDE AT 100 Hz

(c) MOIRE FR I NGE PATTERN DEPICTING VIBRATIONAL
AMPLITUDE AT 185 Hz
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